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Abstract
The pure singlet asymptotic heavy flavor corrections to 3-loop order for the deep-inelastic scattering 
structure function F2(x, Q2) and the corresponding transition matrix element A
(3),PS
Qq
in the variable fla-
vor number scheme are computed. In Mellin-N space these inclusive quantities depend on generalized 
harmonic sums. We also recalculate the complete 3-loop pure singlet anomalous dimension for the first 
time. Numerical results for the Wilson coefficients, the operator matrix element and the contribution to the 
structure function F2(x, Q2) are presented.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction
The present precision of deep-inelastic scattering data [1] allows for the measurement of the 
strong coupling constant αs(M2Z) at an accuracy of 1% [2] and for a precision determination of 
the parton distribution functions [3,4] and the mass of the charm quark mc [5]. In the future, new 
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at even higher energies than those at HERA [7] as planned for the LHeC [8]. At these facilities 
the experimental resolution will be even higher. The corresponding analyses require 3-loop ac-
curacy, including the heavy flavor Wilson coefficients. At present the heavy flavor corrections 
to deep-inelastic scattering are known up to the 2-loop order in semi-analytic form [9].1 As has 
been shown in Ref. [11] for scales Q2  10 m2, with m the heavy quark mass, the heavy flavor 
contributions to the structure function F2(x, Q2) can be calculated to the 1% level employing a 
factorization of the scattering cross section into massive operator matrix elements (OMEs) and 
massless Wilson coefficients [11]. This enables us to calculate the higher order corrections in 
Quantum Chromodynamics (QCD) in analytic form.
At 3-loop order this calculation has been performed for a series of Mellin moments in Ref. [12]
in 2009. The calculation of the corresponding results for general values of the Mellin variable 
N requires by far different techniques than those having been used in [12]. To a wide extent, 
they were not previously available and had to be newly developed in course of the present calcu-
lation. In the past we have recalculated and corrected the 2-loop results [11,13–15] using more 
systematic summation and integration methods in Refs. [16–20]. Furthermore, we calculated 
the asymptotic heavy flavor corrections to the structure function FL(x, Q2) [21,22]. Very re-
cently, we presented results on the operator matrix element A(3)gq [23] and the flavor non-singlet 
OMEs and Wilson coefficients [24]. Furthermore, the 3-loop contributions of O(NFT 2F ) have 
been computed completely [25,26], as well as the contributions O(T 2F ) to the OMEs Agq and 
Agg [27] stemming from graphs with two internal fermion lines carrying the same mass.2 Tech-
nical aspects of these calculations have been presented in Refs. [29,30]. In all these calculations 
the respective contributions to the 3-loop anomalous dimension are obtained as a by-product.
In the present paper we calculate the pure singlet contributions to the heavy flavor Wilson 
coefficient H PS2,q at the 3-loop order in the asymptotic region and present the operator matrix ele-
ment A(3),PSQq , which also appears as one of the matching coefficients in the variable flavor number 
scheme (VFNS). As in previous calculations [27,31], new mathematical structures emerge in in-
termediary steps. In x-space they appear as generalized harmonic polylogarithms [32]. In the 
physical result they can be mapped back to the usual harmonic polylogarithms [33] at the argu-
ments x and a new one at y = 1 − 2x. In Mellin-N space, generalized harmonic sums contribute 
to the result [34].
The paper is organized as follows. In Section 2 we briefly describe the basic formalism. Some 
technical aspects of the calculation of the massive OME are outlined in Section 3. This concerns 
the reduction of the Feynman diagrams to master integrals and the different methods we have 
applied for their calculation. The unpolarized pure singlet anomalous dimensions up to the 3-loop 
order are presented in Section 4 and compared with results in the literature. The massive OME 
A
(3),PS
Qq is given in Section 5. Here we also discuss asymptotic expansions for small and large 
values of the momentum fraction x. The asymptotic heavy flavor Wilson coefficient H(3),PS2,q is 
presented in Section 6 and numerical illustrations are given for the pure singlet contribution to the 
structure function F2(x, Q2) due to charm and bottom quarks. Section 7 contains the conclusions. 
In Appendix A discuss aspects of the contributing integral families. Mellin representations of the 
newly contributing generalized harmonic sums are given in Appendix B. The expression for the 
1 For a precise implementation in Mellin space see [10].
2 For contributions of graphs with two internal fermion lines of different heavy quark masses, see [28].
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PS
2,q in x-space are 
given in Appendix C.
2. Basic formalism
The renormalized pure singlet OME in the MS-scheme for the coupling constant to 3-loop 
order [12] is given by
A
PS,MS
Qq = a2s A(2),PS,MSQq + a3s A(3),PS,MSQq . (2.1)
It describes the transition between massless on-shell quark states 〈q|, characterized by a local 
quark operator in the light-cone expansion [35], which is located on the heavy quark line. The 
corresponding pure singlet contributions in case the operator is located on an internal light quark 



























































8γˆ (2),PSqq − 8NF ˆ˜γ
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qq − 32a(2),PSQq (β0 + β0,Q)
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γ (0)gg − γ (0)qq + 6β0
)+ γˆ (0)qg γ (1)gq ζ2
16
− δm(1)1 γˆ (0)qg γ (0)gq + δm(0)1 γˆ (1),PSqq + 2δm(−1)1 a(2),PSQq + a(3),PSQq . (2.3)
Here γ (k)ij , k = 0, 1, 2 denote the anomalous dimensions, a(k)ij , k = 1, 2, 3, is the constant part 
of the unrenormalized OME at O(aks ), with the strong coupling constant gs expressed as as =
g2s /(4π)2 ≡ αs/(4π), a¯(k)ij , k = 1, 2 denotes the part ∝ ε of the unrenormalized OME at O(aks ), 
with ε = D−4 the dimensional parameter, βk and βQ,k are the expansion coefficients of the QCD 
β-function in the MS-scheme and for massive contributions, δm(l)k are the expansion coefficients 
of the renormalized quark mass m, μ is the renormalization scale, NF denotes the number of light 
quark flavors, and ζk = ∑∞l=1(1/lk), k ∈ N, k ≥ 2 denotes the Riemann ζ -function at integer 
argument. For details of the notation see Ref. [12]. Here and in the following we also use the 
shorthand notations
fˆ (x,NF ) ≡ f (x,NF + 1)− f (x,NF ) (2.4)
f˜ (x,NF ) ≡ f (x,NF )
NF
. (2.5)
In the asymptotic region Q2 	 m2 the pure singlet heavy flavor Wilson coefficient is given by 
[12]










Qq (NF )+ C˜PS,(3)2,q (NF + 1)+A(2)gq,Q(NF )C˜(1)2,g(NF + 1)
+APS,(2)Qq (NF )CNS,(1)2,q (NF + 1)
]
. (2.6)
Here C(l)2,j , with j = q, q , l = 1, 2, 3, denote the corresponding light flavor Wilson coefficients 
[36–39]. The OME A(2),PSQq has been calculated in [11,16] and A
(2)
gq,Q in [14,18].
The heavy flavor pure singlet contribution to the structure function F2(x, Q2) in case of the 
coupling of the exchanged virtual photon of virtuality Q2 to the heavy quark line of charge eQ






































and q(x)(q¯(x)) denote the light flavor quark and anti-quark number densities, respectively.
Before we present the physical results on the pure singlet 3-loop anomalous dimension, the 
massive OME and Wilson coefficient, and numerical results on the pure singlet contribution to the 
structure function F2(x, Q2), we discuss a series of technical details of the present calculation.
3. Details of the calculation
The massive OME A(3),PSQq is represented by 125 Feynman diagrams, a sample of which is 
shown in Fig. 1. The diagrams are generated using QGRAF [40]. Here the operator insertions 
are realized in terms of vertices with non-propagating scalar particles attached to them, cf. [12]. 
The propagators, vertices and operator insertions from the output of QGRAF are then replaced 
by the corresponding Feynman rules using a FORM [41] program [12], which also allows us to 
introduce the corresponding projector for the Green function under consideration and perform 
the Dirac-matrix algebra in the numerator of the Feynman integrals. After this, the diagrams 
end up being expressed as linear combinations of scalar integrals. In the case of the contributing 
bubble topologies we used hypergeometric techniques [16–20,42–44] and calculated the corre-
sponding graphs directly, cf. [25,45]. The packages Sigma [46,47], EvaluateMultiSums, 
SumProduction [48], ρsum [49], HarmonicSums [32,50] and OreSys [51] have been 
used extensively. There are nine types of 3-loop integrals involved in the calculation of A(3),PSQq . 
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(.k3 −.k1)N−1, (3.2)







































j (.k3 −.k1)N−l−2(.k3 −.k2)l−j−1.
(3.5)
Here  denotes a general light-like vector. The Feynman rules, including those for the local 
operator insertions, are given in Ref. [12].












The (inverse) propagators D1, . . . , D9 are given by
D1 = k21, D2 = (k1 − p)2, D3 = k22, D4 = (k2 − p)2,
D5 = k23 −m2, D6 = (k1 − k3)2 −m2, D7 = (k2 − k3)2 −m2,
D8 = (k1 − k2)2 and D9 = (k3 − p)2 −m2, (3.7)
where m is the mass of the heavy quark and p is the momentum of the external massless quark, 
which is taken on-shell (p2 = 0). For example, the diagram in Fig. 1a can be written as a linear 
combination of the K1-type integrals defined in Eq. (3.1), and the diagram in Fig. 1b can be 
written in terms of the K3-type integrals defined in Eq. (3.3).





























j (.k1 −.k3)N−j−2, (3.10)j=0
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Qq
. The dashed arrow lines represent massless quarks, while the solid arrow lines 
represent massive quarks, and curly lines are gluons. In terms of Feynman integrals, diagrams (a)–(j) represent the main 
topologies, in other words, other diagrams, such as diagrams (k)–(t) can be seen as sub-topologies and/or are related to 
diagrams (a)–(j) by symmetry. The symbol ⊗ denotes the local operator insertion, see Ref. [12].












j (.k1 −.k3)N−l−2(.k2 −.k3)l−j−1,
(3.11)
where
D′1 = k21 −m2, D′2 = (k1 − p)2 −m2,
D′3 = k22 −m2, D′4 = (k2 − p)2 −m2,
D′5 = k23, D′6 = (k1 − k3)2 −m2, D′7 = (k2 − k3)2 −m2,
D′8 = (k1 − k2)2 and D′9 = (k3 − p)2. (3.12)
For example, the diagrams in Figs. 1e, 1f and 1g can be written as linear combinations of the inte-
grals defined in Eqs. (3.8), (3.10) and (3.9), respectively. The Feynman rule for 4-point operator 
insertions contains two terms. For some diagrams, such as those in Figs. 1h and 1i, both parts 
of the diagram associated with each term can be written as a linear combination of the K5-type 
integrals defined in Eq. (3.5). In the case of the diagram in Fig. 1j, one piece of the diagram can 
be written in terms of the K5-type integrals, and the other piece in terms of the K9-type integrals 
defined in Eq. (3.11).
Any given diagram has at most eight propagators, so at least one of the propagators in the 
lists D1, . . . , D9 or D′1, . . . , D′9 plays the role of an auxiliary propagator, whose presence allows 
us to uniquely express all possible scalar products of momenta ki · kj and ki · p (i, j = 1, 2, 3) 
as linear combinations of all inverse propagators D1 to D9 (or D′1 to D′9). Which one(s) of the 
nine propagators turn out to be auxiliary depends on the specific diagram under consideration. 
Scalar integrals will be identified by the indices ν1, . . . , ν9, a, b and c, where some of the indices 
ν1 to ν9 can be negative, which will represent a scalar integral with irreducible numerators. The 
factors (.k1)a , (.k2)b and (.k3)c arise from contractions of an internal momentum with a 
appearing in the operator insertion Feynman rule. In the case of integrals (3.1), (3.2) and (3.9), 
the indices a, b and c are bounded by 0 ≤ a + b + c ≤ 1, while in the case of integrals (3.3), 
(3.4), (3.8) and (3.10), we have that 0 ≤ a + b + c ≤ 2, and in the case of Eqs. (3.5) and (3.11)
we get 0 ≤ a + b + c ≤ 3.
3.1. Integration by parts identities
The number of scalar integrals required in order to calculate the diagrams is quite large. We 
use integration by parts identities [52] in order to express all scalar integrals in terms of a much 
smaller set of master integrals. For this purpose we use Reduze2 [53],3 which is a C++ program 
based on Laporta’s algorithm [56–59]. It is somewhat difficult to adapt this algorithm to the 
case where we have operator insertions since it requires the integrals to be identified by definite 
indices, and in the numerator of the integrals we have dot products of internal momenta with 
raised to arbitrary parameters such as N , j or N − j . For this reason, we introduce a generating 
function in a new variable x, rewriting all operator insertions in terms of a sum in N , cf. [29]. For 
3 The package Reduze2 uses the codes Fermat [54] and GiNac [55].
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as4
( · k)N−1 →
∞∑
N=1
xN−1( · k)N−1 = 1
1 − x · k . (3.13)
This then can be treated as an additional propagator,5 and Laporta’s algorithm can be applied 
without further modifications. Similarly, the 3-point and 4-point vertex operator insertions can 










( · q1)j ( · q2)N−j−2
= 1
(1 − x · q1)(1 − x · q2) (3.14)





( · q1)j ( · q2)N−l−2( · q3)l−j−1
→ 1
(1 − x · q1)(1 − x · q2)(1 − x · q3) (3.15)








1 · · ·Dν1212
, (3.16)
where
D10 = 1 − x(.k3 −.k1), D11 = 1 − x.k3,
D12 = 1 − x(.k3 −.k2), (3.17)
and the propagators D1 to D9 are the ones defined in Eq. (3.7).
Notice that the set of (inverse) propagators D1 to D12 is complete and minimal, which means 
that any scalar product of a loop momentum with , p or loop momenta can be uniquely 
expressed as a linear combination of these propagators. A set of propagators satisfying this con-
dition is called an integral family. The superscript B1a in Eq. (3.16) labels the particular integral 
family defined by the propagators D1 to D12. A given scalar integral will be completely iden-
tified by specifying the integral family and the set of indices ν1 to ν12. There is a total of 24 
integral families needed for the calculation of all operator matrix elements, although, as we will 
see, only three of them are needed for the calculation of A(3),PSQq .
4 We suppress here all factors independent of potential loop momenta.
5 Reduze2 has been adapted to deal with this kind of propagators.
56 J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151Fig. 2. Graphical illustration of the transformation to the x-representation of the integrals. In (a) we show a line insertion, 
while in (b) a vertex insertion is depicted. The full circles denote the x-dependent generating functions.











This is represented diagrammatically in Figs. 2a and 2b, where we illustrate as examples the 
transformations corresponding to Eqs. (3.18) and (3.20), respectively. The diagrams on the left-
hand side of Fig. 2 must be interpreted as the corresponding scalar integral with no numerator 
other than the term coming from the operator insertion shown below the diagram. The dia-
grams on the right-hand side of Fig. 2 represent the scalar integrals after the transformations 
in Eqs. (3.13)–(3.15) are done. Solid and dashed lines represent massive and massless propaga-
tors, respectively. A large dot on a line in these diagrams represents an artificial propagator of the 
form (1 − x.q)−1, where q is the momentum going through the line in the depicted direction.
If any of the indices a, b, c in Eqs. (3.1)–(3.5) is different from zero, one can always rep-
resent the corresponding numerators via the propagators D10, D11 and D12, leading to linear 
combinations of the integrals defined in Eq. (3.16). For example,




















D′ν11 · · ·D′ν1212
, (3.25)
where
D′10 = 1 − x.k1, D′11 = 1 − x.k3, D′12 = 1 − x.k2, (3.26)





D′ν11 · · ·D′ν99 D′′ν1010 D′′ν1111 D′′ν1212
, (3.27)
where
D′′10 = 1 − x.k1, D′′11 = 1 − x(.k1 −.k3),
D′′12 = 1 − x(.k2 −.k3). (3.28)









and in cases where any of the indices a, b, c is different from zero, we again get linear combi-
nations similar to those of Eqs. (3.23)–(3.24). The integral families B1a, B5a and B5c are shown 
again in Appendix A, where we depict the different topologies that they cover.
In total, 66 master integrals were required for the reduction of all integrals appearing in the 
calculation of A(3),PSQq . Of those, 55 belong to family B1a and 11 to family B5a. In Table 1, we 
list the master integrals in family B5a. The list of integrals in family B1a is a bit long and will be 
omitted here. No master integrals in family B5c were required, since all integrals in this family 
were reduced to master integrals in family B5a. This is a peculiarity of A(3),PSQq . For other operator 
matrix elements where family B5c appears, a few master integrals belonging to this family will 
be required.
Any given integral I (x) appearing in the diagrams can be expressed as a linear combination 
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List of master integrals in family B5a identified by the indices ν1 to ν12 according to Eq. (3.25). In the last column, we 
indicate the order in the dimensional parameter ε = D − 4 to which each integral needs to be expanded.
ν1 ν2 ν3 ν4 ν5 ν6 ν7 ν8 ν9 ν10 ν11 ν12 Order in ε
1 0 1 0 0 1 1 0 0 0 0 0 2
0 0 1 0 0 1 1 0 1 1 0 0 2
1 0 1 0 0 1 1 0 1 1 0 0 1
1 0 1 0 0 1 1 0 2 1 0 0 1
1 0 2 0 0 1 1 0 1 1 0 0 1
2 0 1 0 0 1 1 0 1 1 0 0 1
0 0 1 0 0 1 1 1 1 1 0 0 3
0 0 1 0 0 2 1 1 1 1 0 0 3
0 0 2 0 0 1 1 1 1 1 0 0 3
1 0 1 0 0 1 1 0 1 1 0 1 0
2 0 1 0 0 1 1 0 1 1 0 1 1
where the Ji(x)’s denote the master integrals. The coefficients ci(x) are rational functions of x, 
.p, the mass m and the dimension D. Since the coefficients ci(x) may contain poles in ε, the 
corresponding master integrals may be required to higher orders beyond ε0.
The diagrams themselves end up being expressed as a linear combination of master integrals 
as in Eq. (3.33). Therefore, once we calculate the master integrals as functions of x, we can 
obtain an expression for the diagrams also as functions of this variable. At the end, we obtain the 
diagrams as functions of the Mellin variable N by extracting the N th term in the corresponding 
Taylor expansion in x of the diagrams, and then shifting N depending on the type of operator 
insertion present in the diagram, according to Eqs. (3.13)–(3.15).
It must be pointed out that the basis of master integrals we have chosen is arbitrary, and 
we can in principle choose any other basis. For convenience, we have chosen a basis where no 
master integral with negative indices appear. This choice was motivated by the fact that this type 
of integrals are easier to handle for many of the methods we have used to solve them. These 
methods are discussed in the next section.
3.2. Calculation of the master integrals
For the calculation of the master integrals we used a variety of methods. For the simplest 
cases, we combined the propagators using Feynman parameters, leading to expressions that can 
be solved in terms of generalized hypergeometric functions [42–44] or by introducing a Mellin–
Barnes [60] representation. For more complicated integrals, we used the differential equations 
method. Below we will describe these methods using a few illustrative examples.
As we have seen, the introduction of the variable x has allowed us to turn all operator inser-
tions into artificial propagators, making the application of Laporta’s algorithm straightforward. 
The calculation of the integrals in this representation using Feynman parameters, although pos-
sible in principle, can be somewhat difficult, since integrals become more complicated as more 
propagators are present (more Feynman parameters need to be introduced). For this reason, in 
these cases we calculate the master integrals in the original N -dependent representation. Once 
the integrals are calculated as functions of N , one can always go to the x-representation when 
needed by performing the transformations given in Eqs. (3.13)–(3.15). On the other hand, in 
the case of the differential equations method, we will see that the introduction of the variable x
turns out to be actually quite advantageous, although this method ultimately leads to difference 
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in the other methods. In calculating the master integrals and for their assembly to the individual 
Feynman diagrams we made also use of the package Matad [61] and have performed checks for 
fixed moments.
3.2.1. Hypergeometric functions and summation methods
The majority of the master integrals were calculated in terms of hypergeometric functions 
evaluated at 1, or multiple sums of such functions where the summation indices, the dimensional 
parameter ε = D − 4 and N may appear in the parameters of the function. If the corresponding 
series representation is convergent, the resulting multiple sums can then be evaluated with the
Mathematica packages Sigma, HarmonicSums, EvaluateMultiSums and SumPro-
duction. These packages implement summation algorithms based on difference fields [62–70]
and can deal with finite and infinite sums, simplifying the expressions in terms of definite nested 
sums and products.
Let us consider, for example, the following master integral
M1(N) = K1(0,1,0,1,1,1,1,0,0;0,0,0;N). (3.34)



























y(1 − z)(1 −w))k
× x−2+D/2(1 − x)3−Dy1−D/2(1 − y)3−D
× z1−D/2w−2+D/2(1 − x(1 − z(1 − y))−5+ 32 D. (3.35)
The integral in w gives just a Beta-function, while the integral in x can be done in terms of a 


















(D/2 − 1)2(k + 1)(4 −D)
(k +D/2)(3 −D/2)








− 1;3 − D
2
;1 − z(1 − y)
]
. (3.36)
We can now use the following analytic continuation [71],
2F1[α,β;γ ; z]
= (γ )(γ − α − β)
(γ − α)(γ − β) 2F1[α,β;α + β − γ + 1;1 − z]
+ (1 − z)γ−α−β (γ )(α + β − γ )
(α)(β)
2F1[γ − α,γ − β,γ − α − β + 1;1 − z],
(3.37)
which leads in our case to
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(1 −D/2)
(5 − 3D/2) 2F1
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D − 2,4 −D; D
2
; z(1 − y)
]}
. (3.38)
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The parameters of the hypergeometric functions above satisfy the criteria for convergence, so we 
















(k + 1)2(k − ε2 )




(j − 1 − 32ε)(j − ε)(j +N − k − 1 − ε2 )(j + 1 + ε2 )




(j + 1 − ε2 )(j +N − k)(j + 2 + ε)(j − ε)
j !(j + k + 1 − ε)(j +N + 1)(j + 2 + ε2 )
}
. (3.41)
So we get an expression in terms of a double sum (one of them finite and the other infinite). This 
double sum can be done using the packages we mentioned at the beginning of this section. These 
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− 2(3N
2 −N − 1)
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− 65N
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3 − 577N2 − 518N + 173
ζ 22 −
397N3
5160(N − 1)N (N − 1)
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(6N + 5)ζ2ζ3 + 144N
5 − 277N4 + 79N3 + 90N2 − 43N + 11
12(N − 1)2N2 ζ3
− 65N
6 − 152N5 + 63N4 + 86N3 − 95N2 + 54N − 13















Sa(k), S∅ = 1, b, ai ∈ Z\{0}. (3.43)
We use the shorthand notation Sa(N) ≡ Sa . Note that we have omitted an overall factor of iS3ε , 









Here γE denotes the Euler–Mascheroni constant.
The expression given in Eq. (3.42) is divergent for N = 1, so we have to calculate this value 
separately. We get,
M1(1) = 163ε3 −
44
3ε2



















3.2.2. Mellin–Barnes integral representations
A few master integrals were calculated using a Mellin–Barnes integral representation. In 
particular, we used this method for seven K7-type master integrals, corresponding in the 
x-representation to the integrals in Table 1 starting from the third row until the ninth row, to-
gether with the first integral appearing in this table (which is independent of x). Let us consider 
the case
M2(N) = K7(2,0,1,0,0,1,1,0,1;0,0,0;N). (3.46)
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the contour integral in σ . We obtain,









(−σ +N − 1 + ε/2)(−σ + 1 + ε/2)
(−2σ +N + ε)
× (σ + 1 − ε/2)(−σ + ε) (σ + 1 − ε)
2
(2σ + 2 − 2ε)
(N)
(N + 1 + ε/2) . (3.49)
At this point we use the Mathematica package MB [74] to find a value for γ and ε such that the 
integral in Eq. (3.49) is well defined, and then analytically continue to ε → 0 and later expand 
this expression in ε. We get,
M2(N) = a0(N)+ b0(N)+ εb1(N), (3.50)
where a0(N) is a term produced by MB after taking a residue at σ = 32ε in order to perform the 









4(N2 −N − 1)






2 −N − 1)







4 − 2N3 −N2 + 4N − 1)












2 −N − 1)
6(N − 1)N
(
S21 + 13S2 + 3ζ2
)− 2(N4 − 2N3 −N2 + 4N − 1)

















(−σ)3(σ + 1)4(−σ +N − 1)
N (2σ + 2)(N − 2σ) , (3.52)
and




(−σ)3(σ + 1)4(−σ +N − 1)
2N (2σ + 2)(N − 2σ)
(
3γE − 2ψ(−σ)+ 3ψ(σ)
+ 2ψ(N − 2σ)−ψ(N − 1 − σ)+ψ(N + 1)−ψ(1 − σ)
+ 5ψ(σ + 1)− 4ψ(2σ + 2)). (3.53)
Here ψ(z) denotes the Digamma function. We can now close the contours to the left (or to the 




(2k − 1)(k +N − 1)
N (k)(2k +N)
{
S1(k +N − 2)2 + 4S1(2k +N − 1)2
− S1(k +N − 2)
[
4S1(2k +N − 1)+ 2S1(k − 1)− 4S1(2k − 2)
]
+ 4[S1(k − 1)− 2S1(2k − 2)]S1(2k +N − 1)− S2(k +N − 2)
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S1(k +N − 2)2 − 2S2(2k +N − 1)
− 1
2
S1(k − 1)2 − 2S1(2k − 2)2 − 2S1(2k +N − 1)2 + 2S2(2k − 2)
+ [4S1(2k − 2)− 2S1(k − 1)]S1(2k +N − 1)+ 12S2(k +N − 2)
+ S1(k +N − 2)
[






S1(k − 1)2 + 2S1(2k − 2)S1(k − 1)− 2S1(2k − 2)2
− 1
2
S1(k +N − 2)2 +
(
4S1(2k − 2)− 2S1(k − 1)
)
S1(2k +N − 1)
− 2S1(2k +N − 1)2 − 12S2(k − 1)+
1
2
S2(k +N − 2)+ 2S2(2k − 2)
+ S1(k +N − 2)
(
S1(k − 1)− 2S1(2k − 2)+ 2S1(2k +N − 1)
)















S2(k − 1)− 2S2(k)
)
S1(k − 1)+ 4S1(2k +N − 1)3
− (2S1(k − 1)+ 4S1(k))S1(2k − 2)2 + (2S1(k − 1)+ 4S1(k))S2(2k − 2)
+ (2S1(k − 1)− 4S1(k)− 8S1(2k − 2))S1(2k +N − 1)2 − S1(k)S2(k − 1)




S1(k − 1)− S1(k)− 2S1(2k − 2)+ 3S1(2k +N − 1)
)
+ S1(2k − 2)
(






S1(k − 1)+ S1(k)+ 2S1(2k − 2)
)
S2(k +N − 2)




S1(k − 1)2 + 2S1(k)S1(k − 1)− 2S1(2k − 2)2
− 6S1(2k +N − 1)2 − 4S1(k)S1(2k − 2)+ 12S2(k − 1)+ 2S2(2k − 2)
+ (−2S1(k − 1)+ 4S1(k)+ 8S1(2k − 2))S1(2k +N − 1)+ 2S2(k)
+ 3
2
S2(k +N − 2)− 6S2(2k +N − 1)
)
+ 8S3(2k +N − 1)− 2S3(k)
+ (2S1(k − 1)− 4S1(k)− 8S1(2k − 2))S2(2k +N − 1)− S3(k +N − 2)
+ S1(2k +N − 1)
(−S1(k − 1)2 − 4S1(k)S1(k − 1)+ 4S1(2k − 2)2
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− 3S2(k +N − 2)− 4S2(2k − 2)
)− S3(k − 1)− 4ζ3
]}
. (3.55)










2(N2 −N − 1)
N(N − 1) − S1
]




3 −N2 − 4N + 3)
3(N − 1)N2 S1 −
2(2N5 − 4N4 − 2N3 + 11N2 − 8N + 3)
3(N − 1)2N3









S1,1 + 2(N − 3)
N
S2,1 + (N
2 −N − 1)





S3(2)− S1,2(2,1)+ S2,1(2,1)− S1,1,1(2,1,1)− 7ζ3
)
+ N
3 − 7N2 + 14N − 3
6(N − 1)N2 S
2
1 +
13N3 − 31N2 + 38N − 15
6(N − 1)N2 S2
− S1
(
2(N5 − 2N4 −N3 + 10N2 − 10N + 3)






7 − 12N6 + 4N5 + 28N4 − 59N3 + 59N2 − 37N + 9




− (19N − 18)
18N
S3 − (29N − 84)6N ζ3
]}
. (3.56)






Sa( d)(k), b, ai ∈N\{0}, c, di ∈ Z\{0}, S∅ = 1, (3.57)
and we use the shorthand notation Sa(b, N) ≡ Sa(b). Here we have again omitted an overall 
factor of iS3ε defined in Eq. (3.44).
The expression in Eq. (3.56) is divergent for N = 1, so this value has to be computed sepa-
rately. We obtain
M2(1) = 43ε3 −
2
ε2



















The constant B4 is given by
B4 = −4ζ2 ln2(2)+ 23 ln
4(2)− 13
2





≡ 8[σ−1,−3 − σ−1,3] − 12ζ4, (3.59)
with σa = limN→∞ Sa(N), and belongs to the multiple zeta values [75]. Here Lin(x) denotes the 
polylogarithm [76].
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List of master integrals in family B1a solved using the differential equations method. In the last column, we indicate the 
order in ε to which each integral needs to be expanded.
ν1 ν2 ν3 ν4 ν5 ν6 ν7 ν8 ν9 ν10 ν11 ν12 Order in ε
0 1 0 1 1 1 1 0 0 1 1 0 1
0 2 0 1 1 1 1 0 0 1 1 0 2
0 0 0 2 1 1 1 1 0 1 1 0 1
0 1 0 1 1 1 1 0 0 1 0 1 1
0 1 0 1 2 1 1 0 0 1 0 1 1
0 2 0 1 1 1 1 0 0 1 0 1 1
1 1 0 1 1 0 1 1 0 1 1 0 0
1 1 0 1 1 1 1 0 0 1 0 1 1
2 1 0 1 1 1 1 0 0 1 0 1 2
0 1 1 1 1 1 0 1 0 1 0 1 1
0 2 1 1 1 1 0 1 0 1 0 1 2
3.2.3. Differential equations
In the x-representation of the integrals, we have the possibility to take derivatives of the inte-
grals with respect to x. If we do this to a master integral J (x, ε), the result can then be rewritten 
using integration by parts (IBP) reductions in terms of the master integrals Ji(x, ε) themselves.
d
dx






where pi(x, ε) and qi(x, ε) are polynomials in x and ε. Here and in the following we set m2 =
.p = 1. The ε-dependence will only be made explicit when needed. Integrals in a given sector 
(i.e., integrals for which the set of indices νi that are positive is the same) will produce a system 
of coupled differential equations, which we can solve after an expansion in ε. In Table 2, we 
show the list of integrals solved using this method. They all belong to the integral family B1a. 
We have included a few horizontal lines separating the different sectors.
Let us consider the first two integrals in Table 2, and use the following shorthand notation,
J1(x) = JB1a0,1,0,1,1,1,1,0,0,1,1,0(x), (3.61)
J2(x) = JB1a0,2,0,1,1,1,1,0,0,1,1,0(x). (3.62)
Taking derivatives with respect to x we obtain
d
dx
J1(x) = 11 − x
(
2 + ε − 1
x
)
J1(x)+ 2x1 − x J2(x)+
T1(x)
1 − x , (3.63)
d
dx



















J1(x)+ T2(x)1 − x , (3.64)
where T1(x) and T2(x) are linear combinations of sub-sector master integrals that have been 
solved previously.
T1(x) and T2(x) can be turned into the N -representation using Sigma. Then using the fact 
that









F1(N) = K3(0,1,0,1,1,1,1,0,0,1,1,0;0,0,0;N + 1), (3.67)
F2(N) = K3(0,2,0,1,1,1,1,0,0,1,1,0;0,0,0;N + 1), (3.68)
we get the following system of coupled difference equations:
(N + 2)F1(N + 1)− (N + 2 + ε)F1(N)− 2F2(N − 1) = Tˆ1(N), (3.69)
(N + 2 − 2ε)F2(N + 1)−
(







(2 + 3ε)(F1(N + 2)− F1(N + 1))= Tˆ2(N), (3.70)
where Tˆ1(N) and Tˆ2(N) are the N th terms of the Taylor expansions of T1(x) and T2(x), respec-
tively. The system can be solved using the Mathematica packages Sigma [46,47] and OreSys
[51]. In order to do so, we need to provide a few initial values. This can be done along the lines 
of Ref. [27]. We obtain























































The results are given in terms of standard harmonic sums. We give the results up to ε0, al-




−S2 − 2S−2 + N







2S2,1 + 8S−2,1 − 5N
2 + 10N + 4
(N + 1)3 −










(N + 1)2 − 2S2
)
+ (3N + 1)S2





S3,1 − 2S−3,1 + S1
(
4
S2,1 + 4S−2,1 + 2(3N + 1)S2 − 10S3
)
ε 3 3 3 3(N + 1) 3
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3(N + 1) S2,1 −
4
3
S−2,2 − 4(3N + 2)3(N + 1) S−2,1
− 4
3
S2,1,1 + 43S−2,1,1 −
9N2 + 10N + 7








2(19N3 + 61N2 + 68N + 30)
3(N + 1)4 +
N − 1
3(N + 1)2 S
2
1
− 2N(5N + 9)
3(N + 1)3 S1 +
7N + 5
3(N + 1)2 S2
)
+ 19N





(N + 1)2 −
S2
2
















+ 4(3N + 1)













3(N + 1)S2 −
8
3












3(N + 1)S2 +
21N + 5
3(N + 1)S3 −
22
3
S4 − 2(3N + 1)3(N + 1) S2,1
+ 16
3
S3,1 − 23(N + 1)S−2,1 −
4
3

















N + 1 − 3S1
)
− 65N








N + 1 S1 −
5N2 + 9N + 3






2 + 74N + 41
6(N + 1)2 S3 +
21N − 1





















+ 27N + 29
3(N + 1) +
2(3N − 1)





+ 9N + 7














19N3 + 64N2 + 68N + 15
3(N + 1)4
+ 7(N − 1)
6(N + 1)2 S2
)
S1 − 35N
2 + 75N + 36
6(N + 1)3 S2 +
19N − 1
9(N + 1)2 S3 +
N − 1
(N + 1)2 S2,1
− 65N
4 + 268N3 + 417N2 + 295N + 89
3(N + 1)5
]
+ 2(3N + 1)




− 4S2,3 + 7S2,−3 + 2(3N
2 + 5N + 5)
2 S−2,13 3(N + 1)




S3 + 43S2,1 + 7S−2,1 +





S−2,3 + 3S−4,1 + 143 S2,1,−2 +
4
3
S2,1,1,1 − 2S2,2,1 − 163 S3,1,1
+ 2(3N + 1)
3(N + 1) S2,1,1 +
2N + 1
N + 1 S−3,1 −
2(6N + 1)
3(N + 1) S−2,1,1
+ 8
3
S−2,2,1 + 3S−3,1,1 − 143 S−2,1,1,1 +
[
−5N
2 + 10N + 4











2 + 12N + 9
2(N + 1)3 +
N − 1














S2 − 53S−2 +
(−1)N(4 −N)















(−1)N(2N2 + 2N − 1)
(N + 1)(N + 2) − (−1)









4 + 8N3 + 15N2 + 19N + 13)
3(N + 1)2(N + 2)2 − ζ2
)
− 2(4N
4 + 18N3 + 33N2 + 26N + 6)
















S2,1 − 2(4N + 7)3(N + 1) S−2,1
+ S1
[
−2(N + 2)(S−2,1 + ζ3)− (−1)N
(
4N3 + 10N2 + 20N + 17














+ 2(N + 2)(S−3,1 + 2S−2,1,1)
+ S−2
(
−2(N + 2)S2 − 2(2N
2 + 5N + 6)















(−1)N(14N2 + 23N + 2)
6(N + 1)(N + 2) −
2N3 + 9N2 + 4N − 6
3(N + 1)2(N + 2)
)
S2
+ 2N + 1
2(N + 2)ζ2 +
(−1)N(2N + 1)







2N2 + 2N − 1
ζ2 + ζ32(N + 1)(N + 2) 3
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7 + 64N6 + 228N5 + 453N4 + 486N3 + 162N2 − 164N − 124
3(N + 1)4(N + 2)3
)
+ 8N
7 + 68N6 + 250N5 + 508N4 + 639N3 + 560N2 + 360N + 124














Here again we have omitted an overall factor of iS3ε in both expressions. In all these calculations 
we have set the heavy quark mass and .p to 1. Further details on our differential equation 
method are outlined in [77].
4. The pure singlet anomalous dimension
The pure singlet anomalous dimension at 3-loop order can be calculated in complete form 
from the term ∝ ln(m2/μ2) of the renormalized OME Eq. (2.3) since γ (2),PSqq ∝ TFNF . Likewise, 
the two-loop anomalous dimension is obtained from the term ∝ ln2(m2/μ2). We define
F = (2 +N +N
2)2
(N − 1)N2(N + 1)2(N + 2) (4.1)
as shorthand notation. In the present calculation we obtained for the 2- and 3-loop anomalous 
dimensions




1 + (−1)N ]CFTFNF 16(N2 + 5N + 2)(5N3 + 7N2 + 4N + 4)
(N − 1)N3(N + 1)3(N + 2)2 (4.2)










2 +N + 2)Q1




(N − 1)N4(N + 1)4(N + 2)3 S1
− 8Q12
(N − 1)N5(N + 1)5(N + 2)3 −
8Q6





S31 − S2S1 −
7
3





27(N − 1)N4(N + 1)4(N + 2)3
+ 64Q7







8(N2 +N + 2)Q3




9(N − 1)2N4(N + 1)4(N + 2)2 S1
+ 16Q132 5 5 427(N − 1) N (N + 1) (N + 2)
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[
128Q2
3(N − 1)N2(N + 1)3(N + 2)3 S1
− 128Q10
9(N − 1)N3(N + 1)5(N + 2)4
]
+ 8(N
2 +N + 2)Q4
3(N − 1)2N3(N + 1)3(N + 2)2 S2
+ 16(N
2 +N + 2)(23N2 + 23N + 58)
3(N − 1)N2(N + 1)2(N + 2) S3
+ 32Q5
(N − 1)N3(N + 1)3(N + 2)2 S−2
+ 32(N
2 +N + 2)(7N2 + 7N + 10)
(N − 1)N2(N + 1)2(N + 2) S−3
− 64(N
2 +N + 2)(3N2 + 3N + 2)









Q1 = 5N4 + 10N3 + 25N2 + 20N + 4 (4.4)
Q2 = 5N6 + 29N5 + 78N4 + 118N3 + 114N2 + 72N + 16 (4.5)
Q3 = 17N6 + 51N5 + 99N4 + 113N3 − 32N2 − 80N − 24 (4.6)
Q4 = 29N6 + 99N5 + 39N4 + 65N3 + 64N2 − 128N − 24 (4.7)
Q5 = 2N7 + 14N6 + 37N5 + 102N4 + 155N3 + 158N2 + 132N + 40 (4.8)
Q6 = 5N7 + 25N6 + 11N5 − 213N4 − 420N3 − 416N2 − 352N − 112 (4.9)
Q7 = 8N7 + 37N6 + 68N5 − 11N4 − 86N3 − 56N2 − 104N − 48 (4.10)
Q8 = 9N10 + 69N9 + 219N8 + 345N7 + 410N6 + 724N5
+ 1124N4 + 1116N3 + 824N2 + 400N + 96 (4.11)
Q9 = 52N10 + 392N9 + 1200N8 + 1353N7 − 317N6
− 1689N5 − 2103N4 − 2672N3 − 1496N2 − 48N + 144 (4.12)
Q10 = 77N10 + 646N9 + 2553N8 + 6903N7 + 14 498N6
+ 22 898N5 + 24 861N4 + 17 068N3 + 7040N2 + 1760N + 192 (4.13)
Q11 = 127N10 + 713N9 + 1458N8 + 78N7 − 2360N6
− 2352N5 − 3663N4 − 3359N3 + 298N2 + 924N + 72 (4.14)
Q12 = 49N12 + 417N11 + 1619N10 + 3868N9 + 6831N8
+ 10 189N7 + 13 445N6 + 14 934N5 + 12 760N4 + 8160N3
+ 4176N2 + 1504N + 256 (4.15)
Q13 = 731N14 + 8804N13
+ 40 614N12 + 90 274N11 + 102 402N10 + 67 882N9 + 23 170N8
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− 183 088N3 − 109 968N2 − 42 912N − 6912. (4.16)
Here the color factors are given by CF = (N2c − 1)/(2Nc), CA = Nc, TF = 1/2 for SU(Nc) and 
Nc = 3 in case of QCD.
The three-loop pure singlet anomalous dimension depends on the following harmonic sums 
only
S1, S2, S−2, S3, S−3, S2,1, S−2,1, (4.17)
if one reduces the final result algebraically [78], cf. also [79]. These sums, furthermore, obey 
structural relations [80,81], leading to a further reduction to
S1, S2,1, S−2,1. (4.18)








8x2 + 15x + 3)H0
+ 32(x − 1)(28x



























52x2 − 8229x − 2265)+ 64
3
(
16x2 + 9x − 6)ζ2
]
H0
− 32(x − 1)(4x





8(x − 1)(16x2 + 23x + 16)
3x
− 32(x − 1)(4x





− 64(x + 1)H 20,1 +
8(x − 1)(3924x2 + 2255x + 990)
27x
+ 592(x + 1)ζ4
+
[
16(x − 1)(4x2 + 7x + 4)
3x
H 20 +
64(x − 1)(50x2 − x + 23)
9x
H0
+ 16(x − 1)(242x






−32(x + 1)H 20 −




3 − 249x2 − 516x − 92) + 64(x − 1)(4x
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[
32(20x3 + 69x2 + 33x − 4)
3x





128(x + 1)H0 − 64(8x
3 + 15x2 + 6x − 4)
3x
]
H0,1,1 − 576(x + 1)H0,0,0,1
+ 64(x + 1)H0,0,1,1 + 128(x + 1)H0,1,1,1 − 169
(
112x2 + 45x + 612)ζ2
+
[
448(x + 1)H0 − 128(8x









(x + 1)H 30 −
928
9











+ 32(x − 1)(4x
2 + 7x + 4)
9x
H 21 −
64(x − 1)(100x2 − 85x − 8)
27x
+ 64(x − 1)(74x




6x2 + 4x − 5)H0,1 + 2563 (x + 1)H0,0,1
− 128
3
(x + 1)H0,1,1 + 1289
(






(3x − 4)H 40 −
16
9





498x2 − 397x + 269)
+ 16(x + 1)(16x
2 − 19x + 16)
3x





32(x + 1)(4x2 − 7x + 4)
3x
H 2−1
− 128(x + 1)(53x
2 − 2x + 26)
9x
H−1 + 16(4598x





8x2 − 7x + 59)ζ2
]
H0
+ 32(x − 1)(4x




32(x − 1)(4x2 + 7x + 4)
3x
H0
− 8(x − 1)(4x
2 + 31x + 4)
9x
]
H 21 − 64(x − 1)H 20,−1
+ 64(x + 1)H 20,1 − 8(117x + 107)ζ4
− 16(x − 1)(20 558x
2 + 3494x + 6761)
81x
− 16(112x
3 + 226x2 − 479x + 128)
9x
ζ2
− 32(x + 1)(4x





2 + 17x + 8)
x
H 20
+ 32(x − 1)(27x
2 + 22x + 9)
H0 − 16(x − 1)(302x
2 − 1882x − 571)3x 27x
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64(x + 1)(4x2 − 7x + 4)
3x
+ 128(x − 1)H0
]
H0,−1,−1
− 128(x + 1)(2x






3 − 75x2 + 21x − 16)
3x






3 + 19x2 + 4x − 12)
3x
− 448(x + 1)H0
]
H0,0,1
− 128(x + 1)(2x





32(12x3 + 23x2 + 5x − 12)
3x
− 128(x + 1)H0
]
H0,1,1
+ 384(x + 1)H0,0,0,−1 + 704(x + 1)H0,0,0,1
− 64(x + 1)H0,0,1,1 − 128(x + 1)H0,1,1,1
+H0,−1
[
96(x − 1)H 20 +
128(2x3 − 9x2 + 3x − 4)
3x
H0
+ 128(x + 1)(53x
2 − 2x + 26)
9x
− 64(x + 1)(4x
2 − 7x + 4)
3x




112(x + 1)H 20
+ 16(16x
3 − 3x2 − 39x − 24)
3x
H0 − 16(50x
3 + 152x2 + 401x + 26)
9x
+ 128(x + 1)(2x
2 + x + 2)
3x
H−1 − 64(x − 1)(4x
2 + 7x + 4)
3x




32(52x3 − 31x2 + 2x − 36)
3x










dyfb(y)Ha(y), H∅ = 1, ai, b ∈ {0,1,−1}. (4.21)
The letters fb(x) are given by
f0(x) = 1
x
, f1(x) = 11 − x , f−1(x) =
1
1 + x . (4.22)
Furthermore, the kth iteration of the letter 0 leads to lnk(x)/k!. Again, we have used the algebraic 
relations [78]. The pure singlet anomalous dimension up to 3-loop order depends on the following 
harmonic polylogarithms
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H0,1,−1, H0,0,0,1, H0,0,0,−1, H0,0,1,1, H0,1,1,1 (4.23)
only. Since the functions H0,−1,1 and H0,1,−1 emerge as a sum, all these harmonic polyloga-
rithms can be represented as Nielsen integrals [82–84], with argument x, −x and x2, respectively, 
cf. [23,80]. These are the functions














lnn−1(z) lnp(1 − zx), (4.25)
Lin(x) = Sn−1,1(x). (4.26)
This behaviour is observed for all 3-loop splitting functions, see Refs. [80,85]. Despite of the 
algebraic reduction, the representations in x-space request more basic special functions than 
the case in Mellin-N space. Eqs. (4.2), (4.19) agree with the results given in Refs. [38,86] and 
Eqs. (4.3), (4.20) with the corresponding results given in [87]. For the latter case we present the 
first independent recalculation here.
5. The pure singlet massive operator matrix element
In the following we derive the result for the massive OME APSQq to 3-loop order, Eqs. (2.2), 
(2.3). As outlined in Ref. [12] all contributions apart from the constant part a(3),PSQq of the un-
renormalized OME [12] Eq. (4.24), are given by renormalization and factorization [22]. We first 







27(N − 1)(N + 3)(N + 4)(N + 5)
(
P15
N3(N + 1)2(N + 2)2 S2
− P19




3N4(N + 1)4(N + 2)3 S1
− 2P32
9N5(N + 1)4(N + 2)4
)
− 32P3








S1S2 − 51227 S3 +
128
3










27(N − 1)N3(N + 1)3(N + 2)2 S
2
1
+ 208P73 3 2 S2 −
32P21
4 4 3 S127(N − 1)N (N + 1) (N + 2) 81(N − 1)N (N + 1) (N + 2)
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S1S2 − 176027 S3 −
16
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3(N − 1)N3(N + 1)3(N + 2)2 S2,1 −
16P14
9(N − 1)N3(N + 1)3(N + 2)2 S3
− 4P17




3(N − 1)N4(N + 1)4(N + 2)3 S2
+ 4P31
3(N − 1)N6(N + 1)6(N + 2)4 +
((
2P5


































































































































(N − 1)N3(N + 1)2




3(N − 1)N3(N + 1)3(N + 2)2 S2 +
8P27












3(N − 1)N3(N + 1)3(N + 2)2 S2,1
+ 8P12
3(N − 1)N3(N + 1)3(N + 2)2 S−3
+ 16P13
3(N − 1)N3(N + 1)3(N + 2)2 S−2,1
+ 8P22
27(N − 1)2N3(N + 1)3(N + 2)2 S3
− 4P242 4 4 3 S21 −
4P26
2 4 4 3 S227(N − 1) N (N + 1) (N + 2) 27(N − 1) N (N + 1) (N + 2)
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243(N − 1)2N6(N + 1)6(N + 2)5 +
(
4P4








137N2 + 137N + 334)S3 − 163
(






69N2 + 69N + 94)S−3S1 + 643
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29N2 + 29N + 74)S22 + 43
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3N2 + 3N − 2)S2−2 + 163
(
31N2 + 31N + 50)S−4

























































































































(N − 1)N3(N + 1)2
(
S3(2)− S1,2(2,1)
+ S2,1(2,1)− S1,1,1(2,1,1)− 7ζ3
)+( 4P11
9(N − 1)2N3(N + 1)3(N + 2)2 S2
+ 4P30





3(N − 1)N3(N + 1)3(N + 2)2 S1
− 8P18
3(N − 1)N4(N + 1)4(N + 2)3
)
S−2 − 4P259(N − 1)2N4(N + 1)4(N + 2)3 ζ2
− 8P20





2 +N + 2)
(N − 1)N2(N + 1)2(N + 2) (5.2)
and the polynomials Pi are given by
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P2 = N5 −N3 + 10N2 − 2N + 4 (5.4)
P3 = 8N6 + 29N5 + 84N4 + 193N3 + 162N2 + 124N + 24 (5.5)
P4 = 17N6 + 51N5 + 27N4 + 77N3 + 76N2 − 80N − 24 (5.6)
P5 = 38N6 + 108N5 + 151N4 + 106N3 + 21N2 − 28N − 12 (5.7)
P6 = 3N7 + 24N6 + 49N5 + 122N4 + 154N3 + 104N2 + 120N + 32 (5.8)
P7 = 8N7 + 37N6 + 68N5 − 11N4 − 86N3 − 56N2 − 104N − 48 (5.9)
P8 = 81N7 + 271N6 + 229N5 − 159N4 − 530N3 − 844N2 − 904N − 288 (5.10)
P9 = 6N8 + 40N7 + 84N6 + 59N5 + 114N4 + 283N3 + 250N2 + 180N + 88 (5.11)
P10 = 6N8 + 48N7 + 100N6 − 5N5 + 194N4 + 763N3
+ 626N2 + 356N + 152 (5.12)
P11 = 269N8 + 1064N7 + 1342N6 + 2552N5 + 3273N4 + 1896N3 + 516N2
− 2560N − 864 (5.13)
P12 = 6N9 + 39N8 + 89N7 + 148N6 + 85N5 + 147N4 + 286N3 + 248N2
+ 440N + 112 (5.14)
P13 = 6N9 + 39N8 + 105N7 + 76N6 − 91N5 − 293N4 − 338N3 − 248N2
− 264N − 80 (5.15)
P14 = 36N9 + 216N8 + 478N7 + 293N6 − 663N5 − 2063N4 − 2859N3
− 1074N2 + 444N + 56 (5.16)
P15 = 40N9 + 625N8 + 3284N7 + 5392N6 − 7014N5 − 33 693N4 − 47 454N3
− 46 100N2 − 26 280N + 7200 (5.17)
P16 = 48N9 + 192N8 − 45N7 − 1089N6 − 1487N5 − 3299N4 − 7320N3 − 4120N2
− 1008N − 1072 (5.18)
P17 = 3N10 + 75N9 + 363N8 + 735N7 + 662N6 + 490N5 + 944N4 + 840N3
+ 176N2 + 256N + 192 (5.19)
P18 = 5N10 + 44N9 + 82N8 + 214N7 + 259N6 + 14N5 − 346N4 − 2096N3
− 3680N2 − 1952N − 416 (5.20)
P19 = 8N10 + 133N9 + 1095N8 + 5724N7 + 18 410N6 + 34 749N5 + 40 683N4
+ 37 370N3 + 22 748N2 − 3960N − 7200 (5.21)
P20 = 9N10 − 229N8 − 367N7 + 1135N6 − 472N5 − 5661N4 − 837N3 + 1098N2
+ 260N + 1032 (5.22)
P21 = 25N10 + 176N9 + 417N8 + 30N7 − 20N6 + 1848N5 + 2244N4 + 1648N3
+ 3040N2 + 2112N + 576 (5.23)
P22 = 135N10 + 702N9 + 1745N8 + 2039N7 + 1345N6 + 2618N5 − 4923N4
− 9939N3 − 11598N2 − 10 516N − 2136 (5.24)
J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151 79P23 = 153N10 + 1049N9 + 2811N8 + 3411N7 + 1084N6 − 3976N5 − 11 660N4
− 16 088N3 − 12 272N2 − 6240N − 1664 (5.25)
P24 = 46N11 + 145N10 + 406N9 + 1566N8 + 1411N7 − 4318N6 − 12 231N5
− 14165N4 − 6636N3 + 3200N2 + 4512N + 1872 (5.26)
P25 = 127N11 + 856N10 + 2323N9 + 2484N8 − 317N7 − 106N6 + 4779N5
+ 8470N4 + 11 112N3 + 9680N2 + 4656N + 864 (5.27)
P26 = 1696N11 + 10 993N10 + 27 688N9 + 26 208N8 − 773N7 + 17 000N6
+ 62 901N5 + 81 499N4 + 114 180N3 + 106 112N2 + 55 200N + 12 240 (5.28)
P27 = 12N13 + 151N12 + 819N11 + 2549N10 + 4893N9 + 7260N8 + 11 172N7
+ 15 420N6 + 16 388N5 + 16 824N4 + 16 352N3 + 10 880N2
+ 4672N + 896 (5.29)
P28 = 52N13 + 746N12 + 4658N11
+ 20 431N10 + 79 990N9 + 251 778N8
+ 553 796N7 + 837 697N6 + 886 552N5 + 599 060N4 + 155 864N3
− 82368N2 − 76 896N − 17280 (5.30)
P29 = 158N13 + 1663N12 + 7714N11 + 23 003N10 + 56 186N9
+ 89 880N8 + 59 452N7 − 8896N6 − 12 856N5 − 24 944N4 − 84 608N3
− 77 952N2 − 35 712N − 6912 (5.31)
P30 = 247N14 + 2518N13 + 12 147N12 + 29 936N11 + 47 061N10 + 66 314N9
+ 15 119N8 − 144 034N7 + 1854N6 + 528 058N5
+ 571 260N4 + 113 008N3
− 61 248N2 − 22 752N + 1728 (5.32)
P31 = 88N15 + 978N14 + 4569N13 + 11 443N12 + 18 236N11
+ 25 694N10 + 41 400N9 + 57 974N8 + 50 675N7 + 9415N6
− 48 500N5 − 88 676N4 − 83 504N3
− 45 232N2 − 13 504N − 1728 (5.33)
P32 = 293N15 + 4670N14 + 32 280N13 + 145 948N12
+ 559 575N11 + 1 871 440N10
+ 4 877 344N9 + 9 333 994N8 + 12 958 212N7
+ 12 693 884N6 + 8 472 792N5
+ 4 514 336N4 + 3 109 248N3 + 2 192 832N2 + 1 026 432N + 207 360 (5.34)
P33 = 3244N17 + 40 465N16 + 218 915N15 + 671 488N14
+ 1 331 937N13 + 1 654 143N12 + 374 900N11 − 2 526 162N10
− 3 045 065N9 + 1 320 584N8 + 6 186 057N7
+ 9 141 018N6 + 12 149 124N5 + 13 312 808N4
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+ 1 308 096N + 155 520. (5.35)
A new result if compared to the calculation of other massive operator matrix elements given in 
Refs. [23,24] is that generalized harmonic sums [32,34] contribute to the final result. In addition 
to the sums contributing to (4.17) the following sums occur























































































As some of them also contribute to the scalar ladder diagrams, a series of Mellin inversions 
has been given in [29] already. Those of the remaining sums will be presented in Appendix B. 
Individual sums, as e.g. S3(2), diverge exponentially in the limit N → ∞. However, a regular 
asymptotic behaviour of the combination of the corresponding sums for large values of N is 






















outside the singularities. Here N¯ is defined as N¯ = N exp(γE). The Mellin inversion of Eq. (5.1)
leads to generalized harmonic polylogarithms of argument x [32]. However, one may trade the 
index set in terms of different arguments in this special case and end up with the usual harmonic 
polylogarithms over the alphabet {0, −1, 1}. A corresponding method has been implemented in 
the package HarmonicSums. In the given physical combination we obtain the usual harmonic 
polylogarithms at argument x and a series of harmonic polylogarithms at argument 1 −2x, which 
we denote by
H˜a = Ha(1 − 2x) (5.38)
in the following. This representation is of advantage for later numerical representations.6 The 
above mapping needs not to occur always and it is even possible in individual cases in more 
extended calculations where iterated integrals contribute, which have support on a subset of the 
interval [0, 1] only. This property will carry over to the OME and asymptotic Wilson coefficient 
6 Note that using the harmonic polylogarithms at a different continuous argument implies in general a new class of 
functions with only exceptional relations.
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supports [0, 1/2] and [1/2, 1]. The corresponding Mellin convolutions with parton distribution 























































We will split a(3),PSQq (x) into a part being represented by the harmonic polylogarithms of only 











4x2 + 7x + 4)H 31 + 64729 x − 1x
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1350x2 − 569x − 218)H0 + 6481
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4x2 + 7x + 4)H 20 − 6427 x − 1x
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4x2 + 7x + 4)H0 + 1681 x − 1x
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111x3 − 415x2 + 89x − 60)− 128
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(x + 1)H0,0,0,1 − 6409 (x + 1)H0,0,1,1
− 64
9







4x2 + 7x + 4)H1
+ 16 1 (666x3 − 95x2 + 589x − 60)
81 x
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6x5 − 60x4 + 30x3 + 630x2 − 985x + 320)H 20 − 12881
(
6x2 + 4x − 5)H 30
+ 64
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4x2 + 7x + 4)H0 − 32405 x − 1x
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12x5 − 108x4 − 48x3

















2x2 + 11x + 8)H0
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64x3 + 251x2 + 155x − 64)− 128(x + 1)H0
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4x2 + 7x + 4)H 41 − 881 x − 1x
(
5400x2 + 3811x + 4614)
+ 4 (4376x3 + 5311x2 − 9879x + 840) H 20
81 1 − x
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3
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+ 16
3
(411x + 197)H0,0,0,0,1 + 16(63x − 79)H0,0,0,1,−1
− 16
3
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− 32 (68x + 67)H0,0,1,0,1 + 160(x + 1)H0,0,1,1,1 + 352 (x + 1)H0,1,0,1,13 3
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+ a˜(3),PSQq (5.41)2 15
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4x3 − 45x2 − 15x + 4)− 128(x + 1)H0
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H˜0,1,1,−1
+ (−64(4x2 − 21x − 9)+ 384(x + 1)H0)H˜0,1,1,1
− 384(x + 1)H˜0,−1,−1,−1,1 − 256(x + 1)H˜0,−1,−1,1,−1 + 384(x + 1)H˜0,−1,−1,1,1
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256(12x2 + 3x − 2)
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Here the following harmonic polylogarithms contribute
H0,−1,−1,−1, H0,−1,−1,1, H0,−1,0,1, H0,−1,1,−1, H0,−1,1,1, H0,0,−1,−1,
H0,0,−1,1, H0,0,1,−1, H0,1,−1,−1, H0,1,−1,1,H0,1,1,−1,
H0,−1,−1,0,1, H0,−1,0,−1,−1, H0,0,−1,−1,−1, H0,0,−1,0,−1, H0,0,−1,0,1, H0,0,0,−1,−1,
H0,0,0,−1,1, H0,0,0,0,−1, H0,0,0,0,1, H0,0,0,1,−1, H0,0,0,1,1, H0,0,1,0,−1,
H0,0,1,0,1, H0,0,1,1,1, H0,1,0,1,1, H0,1,1,1,1 (5.43)
and
J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151 91H˜0,−1, H˜0,1, H˜0,−1,−1, H˜0,−1,1, H˜0,1,−1, H˜0,1,1, H˜0,−1,−1,−1,
H˜0,−1,−1,1, H˜0,−1,1,−1, H˜0,−1,1,1, H˜0,1,−1,−1, H˜0,1,−1,1, H˜0,1,1,−1, H˜0,1,1,1,
H˜0,−1,−1,−1,1, H˜0,−1,−1,1,−1, H˜0,−1,−1,1,1, H˜0,−1,1,−1,−1, H˜0,−1,1,1,−1, H˜0,−1,1,1,1,
H˜0,1,−1,−1,1, H˜0,1,−1,1,−1, H˜0,1,−1,1,1, H˜0,1,1,−1,−1, H˜0,1,1,1,−1, H˜0,1,1,1,1 (5.44)
beyond those in Eq. (4.23). Note that a˜(3),PSQq (x) vanishes for x = 1/2. Both functions a(3),PSQq (x)
and a˜(3),PSQq (x) move to a constant of opposite value for x → 1.
It is useful to have a precise and compact numeric representation of a(3),PSQq . The usual nu-
merical implementations in Fortran [88] are given at double precision accuracy (16 digits) 
and can be obtained in a systematic way based on elementary functions. For very large values of 
x  1 we apply the analytic series expansion of a(3),PSQq and a˜
(3),PS
Qq . In the remaining x-region the 
so-called series-improvement based on Bernoulli- and Euler-numbers [89] is applied, see [90]. It 
is related to the Euler–MacLaurin [91] representation of linear combinations of harmonic poly-
logarithms and can be extended to arbitrary precision. It improves earlier representations based 
on Chebyshev polynomials [92] as applied to Nielsen integrals in Ref. [83]. The method has 
been applied to polylogarithms in Ref. [93]. In the physical literature it dates back to Debye’s 
work on the specific heat [94] in 1912. It is important to separate the cuts of the polylogarithms, 
which are either located on the positive or negative real axis. In deriving representation also 
mixed terms appear. Moreover, in a˜(3),PSQq (x) the harmonic polylogarithms Ha(x) appear together 
with H˜b(x).
We decompose a(3),PSQq as
a
(3),PS
Qq (x) = aˆ(3),PSQq + a˜(3),PSQq . (5.45)
Here aˆ(3),PSQq denotes the part of a
(3),PS
Qq consisting only of harmonic polylogarithms of argu-







kvl, x ∈ [0,√2 − 1],













kv¯l, t = 1 − x
1 + x , x ∈ [
√
2 − 1,0.9],










Qq (x) = c +
18∑
k=1
(1 − x)k[ak + bk ln(1 − x)+ dk ln2(1 − x)+ ek ln3(1 − x)
+ fk ln4(1 − x)
]
, x ∈ [0.9,1], (5.48)
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uˆ = − ln(2)− ln(x), vˆ = ln(2)+ ln(1 − x) (5.50)
a˜
(3),PS
Qq (x) = −c +
18∑
k=1
(1 − x)k[a˜k + b˜k ln(1 − x)+ d˜k ln2(1 − x)], x ∈ [0.9,1]. (5.51)
Here bk,l(x) and b˜k,l(x) are low order polynomials in ln(x), ln(1 − x) and Li2(x) with rational 
coefficients in x. For the function Li2(x) one uses the well-known Bernoulli-representation [90,
93]. The functions r(i)k,l,m(x) are rational in x and c, ak, bk, dk, ek, fk, a˜k, b˜k and d˜k are constants. 
In part of the region the above representation yields an even higher accuracy than double preci-
sion. The polynomial representations (5.46)–(5.51) may be further compactified using Horner’s 
method [95] and are well suited to efficiently generate grids for further numerical use. This also 
applies to the corresponding OME and Wilson coefficient. All expressions have been derived us-
ing the package HarmonicSums. Numerical checks were performed using the code of Ref. [96]
and the code HPL 2.0 [97].
We now consider the limiting behaviour of a(3),PSQq (x) for large and small values of the mo-
mentum fraction x. In the limit x → 1 one obtains
a
(3),PS




(CA −CF ) ln4(1 − x)
− 4 (23CA − 21CF + 4(2 −NF )TF ) ln3(1 − x)
}27
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∝ (1 − x)[0.24691358 ln4(1 − x)
+ (−4.44444444 + 0.19753086NF ) ln3(1 − x)
+ (−2.28230742 + 0.98765432NF ) ln2(1 − x)
+ (−357.426943 + 15.9385086NF ) ln(1 − x)
+ 116.478169 + 14.3167889NF
]
+O((1 − x)2 ln3(1 − x)). (5.52)
The last expressions correspond to the numerical values for SU(3)c. a(3),PSQq (x) vanishes at x = 1. 
The behaviour of a(3),PSQq in the large-x region is illustrated in Fig. 3. One should note that the 
factors of the various expansion coefficients are partly rather different, which gives preference to 
less singular terms.
















B4 − 56009 ζ4 −
3496
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+ (3812.8990 − 44.003690NF )1
x
+ 1.6 ln5(x)
+ (−20.345679 + 0.7901235NF ) ln4(x)
+ (165.11455 + 2.6337449NF ) ln3(x)
+ (−604.63554 + 30.502827NF ) ln2(x)





The asymptotic behaviour at small values of x is depicted in Fig. 4. The leading term 
∝ ln(x)/x does nowhere describe a(3),PSQq (x), which is a common experience in many small-x
studies, cf. [98,99]. An important term in the small x region is the ‘next dominant’ one ∝ 1/x, 
which has firstly been calculated in this paper.7 The first two terms give a sufficient description 
up to x  5 · 10−4. At larger values, up to x  2 · 10−2 in the small-x region all corrections 
∝ lnk(x), k = 5...1 are required.
Let us reconsider the term ∝ ln(x)/x in a(3),PSQq in view of the leading order small-x approxi-
mation. We mention that a rigorous theory of QCD in the small x limit has still not been worked 
out. This concerns, in particular, non-leading terms. As has already been known from the most 
7 The terms ∝ NF were given in [25] before.
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singular terms ∝ 1/x, contributing to the pole 1/(N − 1) in Mellin-N space, in the unpolarized 
leading order splitting functions Pgg(x) [100,101] and Pgq(x) [102,103], they are related by the 
ratio CA/CF . In the ladder-approach using a physical gauge, this is the effect of exchanging one 
gluon-cell by that of a massless quark-cell [104]. In this way, leading small-x contributions to 
the constant part of the unrenormalized OMEs AQg and APSQq might be related. This is indeed the 
case, which is easily seen for the expressions at 2-loop order in Mellin space [16], see also [11]
for the expressions in x-space. The leading small-x contribution to the massive Wilson coeffi-
cient H2,g has been calculated in [105]. Using the representation of the asymptotic heavy flavor 
Wilson coefficient given in Ref. [12] and expanding the result of [105] in the limit Q2 	 m2 us-
ing the corresponding perturbative representations of the BFKL resummed anomalous dimension 
[106,107], following e.g. [98], one obtains a prediction for the term of O(ln(x)/x) in a(3)Qg . This 
has been performed in [108]. Multiplying this expression by CF/CA agrees with the small-x
limit of the exact expression (5.41), which is a new result of the present calculation. As has been 
shown above, the knowledge of this term is not enough for a quantitative prediction even in the 
small-x region and various more terms have to be computed. Following a method, developed 
by T. van Ritbergen [109],8 the authors of [108] used the fixed Mellin moments at 3-loop order 
calculated by Bierenbaum, Klein and one of the present authors in Ref. [12] using some sets of 
functions to determine a band of possibilities for values of a(3),PSQq .
To what extend these ansätze are compelling is hard to say, since the functional structure in a 
higher order calculation is difficult to predict and only understood after the calculation has been 
performed. In particular, the simplification of the initially large amount of generalized harmonic 
8 Other approximate methods based on orthogonal polynomials to reconstruct x-shapes from moments have been 
known and were widely used even earlier, see Refs. [110]. We would like to mention that the determination of all these 
quantities, which are recurrent in N can be determined exactly knowing a finite number of moments as has been shown 
in [79]. The corresponding number of moments is, however, for mathematical reasons far larger than N = 6 as used in 
[108].
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polylogarithms to the functions H and H˜ is far from obvious. This applies also to the general 
functional structure. Furthermore, the former estimate [108] has been based on the unproven 
hypotheses of CF/CA scaling and the assumption that the leading small-x term for the Wilson 
coefficient can be determined in the way being described above. In Fig. 5 we compare the range 
suggested for a(3),PSQq in [108] with the exact result. In the important region of small values of x
the guess in [108] has an uncertainty of ∼ 20%. At large values of x the grey area in Fig. 5 winds 
around the exact result. This is enforced by known Mellin moments of Ref. [12] used to solve a 
linear system for the particular function set selected.
We now turn to the OME APSQq in the on-shell scheme for the quark mass. It receives contri-







The matrix element reads in Mellin-N space as follows
APSQq(N) = a2s CF TF
{
−4FL2M −LM
8(N2 + 5N + 2)(5N3 + 7N2 + 4N + 4)
(N − 1)N3(N + 1)3(N + 2)2 − 8FS2
+ 4P53




















9(N − 1)N3(N + 1)3(N + 2)2 S1
− 64P61








+ 163 3 227(N − 1)N (N + 1) (N + 2) (N + 3)(N + 4)(N + 5)




1 + P62S2 −
2P70
3N(N + 1)(N + 2)S1 +
2P75









S1S2 − 3227S3 +
128
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9(N − 1)N3(N + 1)3(N + 2)2 S1
− 32P60
















1 + P46S2 −
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3N(N + 1)(N + 2)S1
+ 2P71
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8P58
(N − 1)N4(N + 1)4(N + 2)3 S1
− 4P68





S31 − 24S1S2 −
80
3





3(N − 1)N3(N + 1)3(N + 2)2
(
8P47S2,1 − 2P523 S3
− 2P54




N(N + 1)(N + 2)S2 +
P74
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(N − 1)N3(N + 1)2




3(N − 1)N3(N + 1)3(N + 2)2 S2
+ 8P69























3(N − 1)N(N + 1)(N + 2)S1G−
8P66
9(N − 1)2N4(N + 1)4(N + 2)3





(N − 1)N3(N + 1)3(N + 2)2 S−2
− 8P64
9(N − 1)2N4(N + 1)4(N + 2)2 S1 +
8P73




3(N − 1)N(N + 1)(N + 2)S2 +
4P36






31N2 + 31N + 74)S3 + 64(2N2 + 2N + 3)S−3












3(N − 1)N3(N + 1)3(N + 2)2
(
−2P10S2,1 + 2P50S−3 + 4P51S−2,1
+ 2P63
9(N − 1)S3 −
P65




9(N − 1)N(N + 1)(N + 2)S2 −
2P76




















57N2 + 57N + 70)S−3S1
+ 32(11N2 + 11N + 20)S−2S2 + 4 (13N2 + 13N + 34)S223 3
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(
29N2 + 29N + 64)S4 − 163
(




7N2 + 7N + 11)S−4 − 8(5N2 + 5N + 22)S3,1
− 32(5N2 + 5N + 2)S−2,2 − 1283
(




5N2 + 5N − 2)S−2,1,1 − 83
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+ 16B4 − 144ζ4
)
F + 2−N 16P2
(N − 1)N3(N + 1)2
(
S3(2)





9(N − 1)2N3(N + 1)3(N + 2)2 S2
− 4P72






3(N − 1)N4(N + 1)4(N + 2)3
+ 32P43




9(N − 1)2N3(N + 1)3(N + 2)2 ζ3
]}
. (5.55)
The polynomials Pi are given by
P34 = 5N4 + 22N3 + 49N2 + 32N + 4 (5.56)
P35 = 11N4 + 22N3 − 23N2 − 34N − 12 (5.57)
P36 = 17N4 − 6N3 + 41N2 − 16N − 12 (5.58)
P37 = 7N6 + 15N5 + 7N4 − 23N3 − 26N2 − 20N − 8 (5.59)
P38 = 17N6 + 51N5 + 51N4 + 89N3 + 40N2 − 80N − 24 (5.60)
P39 = 17N6 + 69N5 + 153N4 + 131N3 − 86N2 − 116N − 24 (5.61)
P40 = 73N6 + 189N5 + 45N4 + 31N3 − 238N2 − 412N − 120 (5.62)
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P41 = 2N7 + 16N6 + 37N5 + 96N4 + 143N3 + 142N2 + 132N + 40 (5.63)
P42 = 3N7 − 15N6 − 133N5 − 449N4 − 658N3 − 500N2 − 296N − 96 (5.64)
P43 = 3N7 + 18N6 + 49N5 + 140N4 + 190N3 + 152N2 + 120N + 32 (5.65)
P44 = 8N7 + 37N6 + 83N5 + 85N4 + 61N3 + 58N2 − 20N − 24 (5.66)
P45 = 81N7 + 289N6 + 331N5 + 99N4 − 128N3 − 448N2 − 688N − 240 (5.67)
P46 = 104N7 + 481N6 + 1064N5 + 1009N4 + 646N3 + 640N2 − 344N − 336 (5.68)
P47 = 6N8 + 40N7 + 87N6 + 62N5 + 93N4 + 220N3 + 148N2 + 96N + 64 (5.69)
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P48 = 269N8 + 1010N7 + 1558N6 + 2984N5 + 3633N4 + 1950N3 − 420N2
− 2632N − 864 (5.70)
P49 = 6N9 + 24N8 − 6N7 − 138N6 − 191N5 − 422N4 − 927N3 − 526N2
− 132N − 136 (5.71)
P50 = 6N9 + 39N8 + 89N7 + 136N6 + 85N5 + 183N4 + 358N3 + 344N2
+ 440N + 112 (5.72)
J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151 101P51 = 6N9 + 39N8 + 105N7 + 88N6 − 91N5 − 329N4 − 410N3 − 344N2
− 264N − 80 (5.73)
P52 = 72N9 + 432N8 + 965N7 + 757N6 − 729N5 − 3193N4 − 4848N3 − 1968N2
+ 528N + 16 (5.74)
P53 = N10 + 8N9 + 29N8 + 49N7 − 11N6 − 131N5 − 161N4 − 160N3 − 168N2
− 80N − 16 (5.75)
P54 = 3N10 + 39N9 + 111N8 − 27N7 − 692N6 − 1390N5 − 1232N4 − 636N3
− 248N2 + 80N + 96 (5.76)
P55 = 5N10 + 32N9 + 46N8 + 82N7 − 137N6 − 658N5 − 1114N4 − 2576N3
− 3680N2 − 1952N − 416 (5.77)
P56 = 8N10 + 133N9 + 564N8 − 720N7 − 9202N6 − 18 333N5 − 13 074N4
− 10 744N3 − 5512N2 + 19 440N + 14 400 (5.78)
P57 = 9N10 − 218N8 − 323N7 + 1211N6 − 398N5 − 5724N4 − 1035N3 + 810N2
+ 76N + 984 (5.79)
P58 = 19N10 + 143N9 + 427N8 + 567N7 + 454N6 + 822N5 + 1560N4 + 1784N3
+ 1488N2 + 768N + 192 (5.80)
P59 = 36N10 + 169N9 + 33N8 − 1407N7 − 4051N6 − 6392N5 − 8176N4 − 8212N3
− 5560N2 − 2736N − 736 (5.81)
P60 = 43N10 + 320N9 + 939N8 + 912N7 − 218N6 − 510N5 − 654N4 − 1232N3
+ 16N2 + 672N + 288 (5.82)
P61 = 43N10 + 320N9 + 1059N8 + 1914N7 + 2431N6 + 2874N5
+ 2379N4 + 820N3 + 352N2 + 336N + 144 (5.83)
P62 = 104N10 + 1729N9 + 10 752N8 + 31 392N7 + 48 422N6
+ 57 231N5 + 75 450N4 + 59 408N3 + 28 136N2 + 47 376N + 31 680 (5.84)
P63 = 135N10 + 702N9 + 1547N8 + 1319N7 + 553N6 + 2150N5
− 3213N4 − 6735N3 − 7854N2 − 7492N − 1272 (5.85)
P64 = 136N10 + 647N9 + 1110N8 − 438N7 − 2555N6 − 2106N5
− 3105N4 − 3167N3 + 418N2 + 924N + 72 (5.86)
P65 = 19N11 − 17N10 + 190N9 + 1350N8 + 1060N7 − 4480N6
− 12 285N5 − 13 625N4 − 5556N3 + 2768N2 + 4512N + 1872 (5.87)
P66 = 118N11 + 793N10 + 2281N9 + 3402N8 + 2428N7 + 1457N6 + 1917N5
+ 2476N4 + 4392N3 + 4976N2 + 2832N + 576 (5.88)
P67 = 1669N11 + 10 399N10 + 26 752N9 + 36 576N8 + 33 436N7 + 39 590N6
+ 33 039N5 + 8815N4 + 27 708N3 + 47 504N2 + 33 312N + 8784 (5.89)
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+ 7642N6 + 10 519N5 + 10 938N4 + 8248N3 + 4656N2 + 1712N + 288 (5.90)
P69 = 18N13 + 193N12 + 900N11 + 2378N10 + 3486N9
+ 2817N8 + 2052N7 + 2256N6 + 2804N5 + 7272N4
+ 12 512N3 + 10 304N2 + 4672N + 896 (5.91)
P70 = 25N13 + 1016N12 + 11 804N11 + 63 190N10 + 184 075N9 + 321 474N8
+ 375 092N7 + 324 832N6 + 221 884N5 + 205 760N4 + 302 240N3
+ 288 576N2 + 153 792N + 34 560 (5.92)
P71 = 158N13 + 1663N12 + 7309N11 + 17 981N10 + 35 774N9
+ 59 586N8 + 56 374N7 + 23 504N6 + 25 457N5 + 30 298N4
− 11 384N3 − 30 000N2 − 18 864N − 4320 (5.93)
P72 = 77N14 + 1046N13 + 7131N12 + 35 512N11 + 87 723N10
+ 89 530N9 + 46 927N8 + 41 002N7
− 194 958N6 − 644 698N5 − 589 404N4 − 123 376N3 + 61 248N2
+ 22 752N − 1728 (5.94)
P73 = 686N14 + 6560N13 + 25 572N12 + 43 489N11 + 9045N10
− 72 944N9 − 125 240N8 − 156 761N7 − 206 883N6 − 241 600N5
− 250 212N4 − 225 808N3 − 150 864N2 − 56 448N − 8640 (5.95)
P74 = 100N15 + 1170N14 + 6234N13 + 20 518N12 + 49 217N11 + 94 274N10
+ 145788N9 + 172 682N8 + 139 145N7 + 47 068N6 − 50 228N5 − 96 416N4
− 82 448N3 − 41 536N2 − 11 968N − 1536 (5.96)
P75 = 158N16 + 6799N15 + 93 011N14 + 633 970N13
+ 2 547 481N12 + 6 605 953N11 + 11 841 596N10 + 15 808 910N9
+ 17 140 651N8 + 16 081 262N7 + 12 756 671N6
+ 7 253 426N5 + 1 318 688N4 − 2 323 728N3
− 2 738 448N2 − 1 334 880N − 259 200 (5.97)
P76 = 2272N17 + 27 343N16 + 135 485N15 + 332 260N14
+ 398 250N13 + 111 012N12 − 530 356N11 − 1 134 420N10
− 86 378N9 + 3 545 573N8 + 7 139 427N7 + 8 691 144N6
+ 9 505 284N5 + 9 549 872N4 + 7 324 752N3
+ 3 612 672N2 + 1 017 792N + 124 416 (5.98)
The difference between the OME in the MS-scheme and the on-shell scheme in N -space is 
given by





48(N2 +N + 2)2







7 + 20N6 + 37N5 − 4N4 − 43N3 − 34N2 − 52N − 24)






3 + 7N2 + 4N + 4)(N2 + 5N + 2)
(N − 1)N3(N + 1)3(N + 2)2
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. (5.99)
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Here we have set the heavy quark mass equal in both schemes to obtain a more compact expres-
sion. The corresponding representations of the quark masses are given in [111].
The analytic continuation of the expressions in Mellin-N space can be obtained using the 
asymptotic expressions, which can be derived in analytic form [32,80], and the recurrence re-
lations. Alternatively, the Mellin-inversion can be performed analytically and one may work in 
x-space. The corresponding relations for the OME are given in Appendix C.
In the numerical representation of the following figures the harmonic polylogarithms were 
calculated using the code HPLOG5 [90]. In Fig. 6 the massive OME APSQq is shown as a function 
of x and Q2 in the range of lower values of x. Here and in the following we illustrate the correc-
tions to O(a2s ) and up to O(a3s ) using next-to-next-to-leading order (NNLO) parton distribution 
functions and the value of as at NNLO, i.e. the term O(a2s ) refers not to the next-to-leading order 
(NLO) correction, but to the O(a2s ) in the NNLO correction. We refer to the value of as(μ2) as 
given in the parameterization [4] using the corresponding LHAPDF library. While in the small-x
region the O(a2s ) term is negative, the NNLO correction is positive. Here and also in case of 
the heavy flavor Wilson coefficient in Section 6, one has to apply a Mellin convolution with the 
singlet quark densities at NNLO for a prediction in the variable flavor number scheme and in cal-
culating the contribution to the structure function F2(x, Q2) in the fixed flavor number scheme. 
Since the singlet distribution is decreasing towards larger values of x, the medium-x behaviour 
of the OME is important for the physical effect. Therefore, we enlarge the behaviour of the OME 
in the region of medium and large values of x in Fig. 7. The O(a2s ) term remains negative and 
the NNLO correction turns to negative values approaching zero in the limit x → 1 from below. 
At larger values of x the NNLO correction becomes smaller than the O(a2s ) term. Unlike in the 
non-singlet case, we cannot present yet the matching in the VFNS to 3-loop order, since also the 
OME A(3) contributes here.Qg
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The pure singlet Wilson coefficient in the asymptotic region is given by Eq. (2.6). It also 







In Mellin-N space it is given by
H PSq,2(N) = a2s CF TF
{
−L2M4F +L2Q4F −LM
8(N2 + 5N + 2)(5N3 + 7N2 + 4N + 4)
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+ 4P36






31N2 + 31N + 74)S3 + 32N(N2 −N − 4)
(N + 1)(N + 2) S−2
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− 144S−3 + 96S−2,1
)
F − 8P108
9(N − 1)2N4(N + 1)4(N + 2)3 S1
− 8P113
27(N − 1)2N5(N + 1)5(N + 2)4 +
( 4[P80S21 + P82S2]
3(N − 1)N(N + 1)(N + 2)
+ 32(N − 1)(N + 2)S−2S1 − 83
(
13N2 + 13N + 62)S3





3(N − 1)N3(N + 1)3(N + 2)2
(
−2P10S2,1 + 2P12S−3 + 4P51S−2,1
+ 2P63
9(N − 1)S3 −
2P76















35N2 + 35N + 18)S−2,1
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29N2 + 29N + 74)S22 + 43
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3N2 + 3N − 2)S2−2 +
(
32NP77
(N + 1)2(N + 2)2 −
64N(N2 −N − 4)











69N2 + 69N + 94)S1
− 32N(N
2 −N − 4)




31N2 + 31N + 50)S−4




23N2 + 23N + 22)S−3,1 + 643
(




2 −N − 4)



























S−2 − 16S−4 + 16S3,1 + 32S−2,2 + 32S−3,1 − 323 S2,1,1
− 64S−2,1,1 + 32






































































































9(N − 1)2N3(N + 1)3(N + 2)2 S2
− 4P72






3(N − 1)N3(N + 1)3(N + 2)2 S1
− 8P18




9(N − 1)2N3(N + 1)3(N + 2)2 ζ3
]
+ C˜(3),PSq,2 (NF + 1)
}
(6.2)
and the polynomials Pi are given by
P77 = N4 + 2N3 + 7N2 + 22N + 20 (6.3)
P78 = N5 + 9N4 + 24N3 + 36N2 + 32N + 8 (6.4)
P79 = 11N5 + 26N4 + 57N3 + 142N2 + 84N + 88 (6.5)
P80 = 5N6 + 135N5 + 327N4 + 329N3 + 220N2 − 176N − 120 (6.6)
P81 = 16N6 + 35N5 + 33N4 − 11N3 − 41N2 − 36N − 12 (6.7)
P82 = 17N6 − 57N5 − 213N4 − 175N3 − 140N2 + 64N + 72 (6.8)
P83 = N7 − 15N5 − 58N4 − 92N3 − 76N2 − 48N − 16 (6.9)
P84 = 2N7 + 14N6 + 37N5 + 102N4 + 155N3 + 158N2 + 132N + 40 (6.10)
P85 = 3N7 − 15N6 − 153N5 − 577N4 − 854N3 − 652N2 − 408N − 128 (6.11)
P86 = 5N7 + 19N6 + 61N5 + 197N4 + 266N3 + 212N2 + 136N + 32 (6.12)
P87 = 7N7 + 21N6 + 5N5 − 117N4 − 244N3 − 232N2 − 192N − 80 (6.13)
P88 = 9N7 + 15N6 − 103N5 − 575N4 − 998N3 − 948N2 − 696N − 256 (6.14)
P89 = 11N7 + 37N6 + 53N5 + 7N4 − 68N3 − 56N2 − 80N − 48 (6.15)
P90 = 25N7 + 91N6 + 101N5 − 195N4 − 546N3 − 556N2 − 520N − 224 (6.16)
P91 = 99N7 + 379N6 + 553N5 + 465N4 + 232N3 − 256N2 − 688N − 336 (6.17)
P92 = N8 + 8N7 + 8N6 − 14N5 − 53N4 − 82N3 + 60N2 + 104N + 96 (6.18)
P93 = 6N8 − 42N7 − 241N6 − 579N5 − 307N4 + 477N3
+ 602N2 + 492N + 168 (6.19)
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+ 220N3 + 136N2 + 64N + 16 (6.20)
P95 = 15N9 + 24N8 − 174N7 − 659N6 − 997N5 − 749N4 − 156N3 + 256N2
+ 320N + 144 (6.21)
P96 = 19N9 + 86N8 + 144N7 − 38N6 − 535N5 − 1016N4 − 1180N3 − 872N2
− 416N − 96 (6.22)
P97 = 9N10 − 218N8 − 350N7 + 1238N6 − 317N5 − 5643N4 − 981N3 + 594N2
+ 76N + 984 (6.23)
P98 = 19N10 + 143N9 + 412N8 + 426N7 −N6 + 159N5 + 1066N4 + 1552N3
+ 1456N2 + 848N + 224 (6.24)
P99 = 20N10 + 111N9 + 219N8 − 3N7 − 331N6 + 920N5 + 3712N4 + 5080N3
+ 4192N2 + 2272N + 576 (6.25)
P100 = 47N10 + 823N9 + 5739N8 + 21 510N7 + 53 459N6 + 105 381N5
+ 160 023N4 + 158 774N3 + 104 300N2 + 56 664N + 18720 (6.26)
P101 = 60N10 + 340N9 + 594N8 − 204N7 − 2167N6 − 4496N5 − 7339N4
− 8524N3 − 6112N2 − 3024N − 784 (6.27)
P102 = 67N10 + 383N9 + 867N8 + 696N7 − 755N6 − 2391N5
− 3027N4 − 2744N3 − 1256N2 − 48N + 144 (6.28)
P103 = 85N10 + 482N9 + 1146N8 + 1272N7 + 532N6
+ 840N5 + 2427N4 + 2440N3
+ 1768N2 + 1248N + 432 (6.29)
P104 = 95N10 + 1621N9 + 10 419N8 + 32 166N7 + 55 847N6 + 78 615N5
+ 111 963N4 + 100 934N3 + 57 980N2 + 61 560N + 36 000 (6.30)
P105 = 118N10 + 675N9 + 1588N8 + 1652N7 + 326N6 + 357N5
+ 876N4 + 1672N3 + 3440N2 + 2544N + 576 (6.31)
P106 = 127N10 + 644N9 + 1113N8 − 372N7 − 4016N6 − 4578N5
− 558N4 + 2008N3 + 2848N2 + 2496N + 864 (6.32)
P107 = 151N10 + 708N9 + 1156N8 + 464N7 − 967N6
+ 372N5 + 3672N4 + 5236N3 + 6152N2 + 3792N + 864 (6.33)
P108 = 118N11 + 649N10 + 1996N9 + 5922N8 + 14 389N7
+ 26 096N6 + 33 057N5 + 29 305N4 + 19 668N3
+ 8048N2 + 2016N + 432 (6.34)
P109 = 37N12 + 305N11 + 1017N10 + 1462N9 + 592N8 + 408N7 + 4064N6
+ 9645N5 + 12 222N4 + 10 280N3 + 6064N2 + 2192N + 352 (6.35)
110 J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151P110 = 45N13 + 485N12 + 2289N11 + 6064N10 + 8448N9 + 4398N8 − 1602N7
− 2715N6 − 584N5 + 9300N4 + 22 624N3 + 21 232N2
+ 10 112N + 1984 (6.36)
P111 = 82N13 + 2471N12 + 27 848N11 + 164 605N10 + 597 268N9 + 1 483 293N8
+ 2 732 000N7 + 3 846 211N6 + 4 059 946N5 + 3 144 284N4 + 1 798 280N3
+ 756 000N2 + 222 912N + 34 560 (6.37)
P112 = 83N14 + 636N13 + 1484N12 − 505N11 − 7588N10 − 8082N9 + 12 896N8
+ 30199N7 − 2799N6 − 73072N5 − 117 444N4 − 105 808N3 − 62 992N2
− 23 424N − 4032 (6.38)
P113 = 1790N14 + 13 034N13 + 34 014N12 + 16 729N11 − 108 615N10 − 261 746N9
− 246 794N8 − 165 593N7 − 316 791N6 − 606 160N5
− 724 860N4 − 602 224N3 − 352 272N2 − 124 416N − 19 008 (6.39)
P114 = 73N15 + 867N14 + 4698N13 + 16 255N12 + 43 958N11
+ 97 502N10 + 165 558N9 + 200 747N8 + 161 729N7
+ 60 265N6 − 48 800N5 − 106 628N4 − 94 640N3
− 48 016N2 − 13 696N − 1728 (6.40)
P115 = 229N16 − 49N15 − 48 956N14 − 530 524N13 − 2 816 896N12 − 9 419 641N11
− 22 464 935N10 − 41 400 392N9 − 60 928 891N8
− 70 644 896N7 − 62 314 487N6 − 39 968 930N5 − 16 753 760N4
− 2 474 640N3 + 1 995 408N2 + 1 334 880N + 259 200. (6.41)
In Appendix C we present the corresponding expression in x-space. Again one may also repre-
sent the structure function in Mellin-N space, using the corresponding evolution operators, cf. 
e.g. [98] and Wilson coefficient. This requests the representation of the corresponding (gen-
eralized) harmonic sums for N ∈ C, which can be realized using their analytic asymptotic 
representation to high accuracy and the known shift relations [32,80].
Fig. 8 shows the x- and Q2-dependence of the pure singlet Wilson coefficient up to 2- and 
3-loop order at Q2 = μ2 in the region of smaller values of x. While at low scales Q2  20 GeV2
the O(a2s ) term is positive in this region, it turns negative at higher scales. On the other hand, 
the corrections up to O(a3s ) are positive. At larger values of x, similar to the behaviour of the 
OME, also the corrections up to NNLO turn negative and, at even larger values of x undershoot 
the O(a2s ) contributions turning to zero for x → 0, as shown in Fig. 9.
The latter behaviour is of importance for the Mellin convolution with the quark-singlet distri-
bution function. This is displayed in the contribution of the heavy flavor pure singlet contribution 
to the structure function F2(x, Q2) in the case of the single heavy quark contributions at O(a2s )
and up to O(a3s ) in Figs. 10 and 11, for the charm and bottom quarks, respectively, again setting 
μ2 = Q2 and referring to the on-shell masses.9 We apply the same setting for as as in the case of 
9 A thorough numerical study of F2(x, Q2) for the scale dependence in μ2 requests to consider also the gluonic 
contributions due to the mixing in the singlet sector and will be carried out at a later stage of the present project.
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Q,2 as a function of x and Q
2 choosing Q2 = μ2 and the heavy quark mass mc =
1.59 GeV (on-shell scheme) using the parton distribution functions [4].
the OME APSQq . Both corrections are negative. At lower scales Q2, the O(a2s ) effects are larger 
than those at NNLO, which give larger negative corrections at higher scales. To quote a few 
numbers, we obtain using the parton distribution functions [4] at x = 10−4 and Q2 = 100 GeV2
a correction of −0.026 in case of charm and −0.0015 for bottom. At a given value of Q2 and the 
lowest value of x in the kinematic range at HERA, x0 = Q2/(sy) for y = 1, s  105 GeV2, one 
obtains the following corrections: −0.013 (x0 = 0.0001), −0.026 (x0 = 0.005), −0.023 (x0 =
0.01), −0.019 (x0 = 0.02), −0.007 (x0 = 0.05) and 0.003 (x0 = 0.1) for the contribution due to 
112 J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151Fig. 9. The Wilson coefficient HPS
Q,2 as a function of x and Q
2 choosing Q2 = μ2 and the heavy quark mass mc =
1.59 GeV (on-shell scheme) at large values of x using the parton distribution functions [4].
charm. In the whole kinematic region at HERA up to Q2  104 GeV2 the bottom quark contri-
bution is about one order of magnitude smaller than that by the charm quark.
7. Conclusions
We have calculated the O(a3s ) heavy flavor contributions to the flavor pure singlet OME A
(3)
Qq , 
contributing to the matching relations in the VFNS and the corresponding heavy flavor Wilson 
coefficient for single heavy quark flavors in the asymptotic region Q2 	 m2. As a by-product 
J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151 113Fig. 10. The charm contribution by the Wilson coefficient HPS
Q,2 to the structure function F2(x, Q
2) as a function of x
and Q2 choosing Q2 = μ2, mc = 1.59 GeV (on-shell scheme) using the parton distribution functions [4].
of the calculation we computed the complete pure singlet anomalous dimension at 3-loop order 
in an independent way for the first time. Our result agrees with the result in Ref. [87]. On the 
technical side of the calculation, we used the integration by parts package Reduze2 to reduce 
the Feynman integrals carrying local operator insertions to master integrals. The master integrals 
were calculated using different techniques. Most notably, we used differential equations, turned 
them into difference equations and solved using the packages Sigma, EvaluateMultiSums,
SumProduction, HarmonicSums and OreSys. Part of these packages were also used to 
compute the nested sums obtained using representations by generalized hypergeometric func-
114 J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151Fig. 11. The bottom contribution by the Wilson coefficient HPS
Q,2 to the structure function F2(x, Q
2) as a function of x
and Q2 choosing Q2 = μ2, mb = 4.78 GeV (on shell scheme [112]) using the parton distribution functions [4].
tions and using Mellin–Barnes techniques. The massive OME and Wilson coefficient depend on 
new functions, which did not occur in the related 3-loop results having been dealt with previ-
ously in Refs. [23,24]. In the present result generalized harmonic sums contribute to the final 
expression in N -space. In x-space their effect manifests in harmonic polylogarithms of argu-
ment 1 −2x. We studied the behaviour of the constant part of the unrenormalized massive OME, 
a
(3)





implied by renormalization [12]. The leading small-x contribution of O(a3s ln(x)/x) is not de-
scribing this quantity, not even at values of x in the LHC region. To get physical values in the 
region of x  10−4 one has to add the term O(a3s /x), which we also obtained as a by-product 
of the present calculation. To describe the region of larger values of x  10−2 quite a series 
of logarithmic corrections in x have to be known. The pure singlet corrections to the structure 
function F2(x, Q2) are negative and are largest in the small x region. The corrections due to 
bottom quarks are about one magnitude smaller than those by the charm quarks. We presented 
all quantities both in N and x-space for the use in deep-inelastic data analyses. The relations 
J. Ablinger et al. / Nuclear Physics B 890 (2015) 48–151 115presented in the present paper can be obtained in computer-readable form on request via e-mail 
to Johannes.Bluemlein@desy.de.
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Appendix A. Integral families
In this appendix, we show the integral families that were implemented in order to perform 




D2 (k1 − p)2
D3 k22
D4 (k2 − p)2
D5 k23 −m2
D6 (k3 − k1)2 −m2
D7 (k3 − k2)2 −m2
D8 (k1 − k2)2
D9 (k3 − p)2 −m2
D10 1 − x(.k3 −.k1)
D11 1 − x.k3
D12 1 − x(.k3 −.k2)
Family B1a
We give the corresponding set of propagators and depict the different topologies that are cov-
ered by each integral family, although only a few of these topologies are actually related to 
A
(3),PS
Qq , the rest being related to other OMEs. In the same way as for the diagrams on the right-
hand side of Fig. 2, a given bilinear propagator is indicated by a large dot on the corresponding 
line, and since the direction of the momentum is important in these propagators, this is also indi-
cated in the diagrams. A solid line in the diagrams represents a massive particle (heavy quark), 
while a dashed line is a massless particle (gluon or light quark).
The names we have given to the families are arbitrary, of course. There is, however, a rationale 
behind the names we have chosen. The family names shown here start with a B, which indicates 
that these families are associated with a Benz-like topology.
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2
1 −m2
D2 (k1 − p)2 −m2
D3 k22 −m2
D4 (k2 − p)2 −m2
D5 k23
D6 (k3 − k1)2 −m2
D7 (k3 − k2)2 −m2
D8 (k1 − k2)2
D9 (k3 − p)2
D10 1 − x.k1
D11 1 − x.k3
D12 1 − x.k2
Family B5a
In addition, they are constructed such that they also cover ladder topologies. Future calculations 
will require also crossed-box (non-planar) topologies, which we have labeled with names starting 
with a C, and are not shown here. The number that comes after the B (or the C) labels different 
routings of the mass in the propagators, while the letter that comes after this number labels the 




D2 (k1 − p)2 −m2
D3 k22 −m2
D4 (k2 − p)2 −m2
D5 k23
D6 (k3 − k1)2 −m2
D7 (k3 − k2)2 −m2
D8 (k1 − k2)2
D9 (k3 − p)2
D10 1 − x.k1
D11 1 − x(.k1 −.k3)
D12 1 − x(.k2 −.k3)
Family B5c
Appendix B. Integrals
In the following we present representations of the generalized harmonic sums occurring in the 
pure singlet OME as Mellin transforms and in intermediary steps of the calculation, partly with 
























x − 2H0(x)+ 2
N−1[ζ2 − ln2(2)] (B.2)0

































































































































































xN − (1/2)N )2(H0(x)H1(x)−H0,1(x))






















xN − 1){H0(x)H0,2(x)− 2H0,0,2(x)
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xN − 1)− 58ζ3 −H0(x)H2,1(x)+H0,2,1(x)+H2,0,1(x)
x − 1
(B.20)












xN − (1/2)N )4 ln3(2)− 3ζ3
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x − 1 H2,2,1(x). (B.27)
The generalized harmonic polylogarithms appearing above can be expressed in the following 
way



















H2,1,1(x) = 34ζ3 −
1
2
ln2(1 − x) ln(2 − x)− ln(1 − x)Li2(x − 1)+ Li3(x − 1) (B.32)
H2,2,1(x) = −3ζ22 ln(2 − x)+ i
π
2
ln2(2 − x)+ Li3(2 − x)− 78ζ3 (B.33)
H0,2,2(x) =
[
−ζ2 + 12 ln





















ln2(2 − x) ln(x)+ ζ2 ln(2 − x)+ ζ3 + 12 ln
3(2) (B.34)
H2,0,1(x) =
(− ln(2)− ln(1 − x)+ ln(2 − x))Li2(1 − x)








































− ln(2 − x)ζ2 + ln2(2)
(
iπ − ln(1 − x)
)
(B.35)2
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+ (ln(2)+ ln(1 − x)− ln(x))Li2(1 − x)


















+ [ln(2 − x) ln(x)− ln2(x)] ln(1 − x)+ 1
2
iπ ln2(2 − x)
+ ln2(2)
(
ln(1 − x)− iπ
2
)
− iπ ln(2 − x) ln(x) (B.36)
H2,0,2(x) =










− 2 ln(2 − x)ζ2
+ (2 ln(2 − x)+ ln(x)) ln2(2)
+ ln2(2 − x) ln(x)− ln3(2). (B.37)
On the expense of more complicated arguments they can be represented in terms of classical 
polylogarithms up to weight w = 3. This is generally expected for 3-letter alphabets, see [72].
Appendix C. Expressions in x-space
The massive OME APSQq to 3-loop order in x-space is given by
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